The Nelder-Mead simplex algorithm has been used for sequential optimization of simulation response functions. The rescaling operations of this algorithm can lead to inappropriate termination at non-optimal points. We have used the probabilistic characterization of this behavior to develop special rules for determining the number of replications to take for each experimental design point. Computational experiments indicate that the quality of the solution is often improved.
INTRODUCTION
Complex discrete-event simulation models of proposed or existing real systems are often used to estimate the effects on system performance due to changes to the system design. A natural extension of this evaluative use of simulation is optimization: to look for a system design that produces the optimum system performance. In optimization studies, a numerical output of the simulation is selected as the objective for optimization. For discrete-event simulation models, this objective is usually derived from pseudorandom quantities, and so optimization algorithms designed for deterministic functions are often ineffective.
Mathematically, the optimization problem is to minimize E(F(x)), XE Rn,
where F is the stochastic response function of a simulation model. The stochastic response can be written as where f ( x ) is the deterministic function E(F(x)) and E(X) is a stochastic function with E(&)) = 0 for all x. Then the optimization problem is to minimize f(x), XE Rn.
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This paper focuses on the Nelder-Mead method (Nelder and Mead 1965) , which was originally developed for unconstrained optimization of deterministic functions, but which has been applied frequently to the optimization of stochastic simulation models. The method is somewhat effective because the algorithm's steps depend only on the relative ranks of the objective function values for different system designs, rather than on the precise values. Many other optimization methods are available for simulation optimization. See for example the recent survey articles by Azadivar (1992) , Fu (1994) and Spall(1994) . Barton and Ivey (1995) observed inappropriate early termination of optimization for the original Nelder-Mead method. We examine modifications that make NelderMead more effective when applied to stochastic responses.
The optimization is posed as a minimization problem.
We will call f the objective function and F the response function. Typically f is not known explicitly, and the optimization method must work with F . For stochastic simulation optimization, the response function is computed from the output quantities of one or many replications of the simulation.
THE NELDER-MEAD ALGORITHM
The Nelder-Mead (1965) simplex method incorporates operations to rescale the simplex based on the local behavior of the function. Simplex reflections are expanded in the same direction if the reflected value is particularly good. A poor value results in a contraction. If the function value at the contracted point is poorer yet, the overall size of the simplex is shrunk. The original Nelder-Mead rules are outlined below.
Step Dennis and Woods (1987) . The stopping criterion is
where the maximization is over all points i in the current simplex, and II II denotes the Euclidean norm.
Inappropriate Termination
Using the Dennis and Woods criterion with v = 1 x 10 -4, Barton and Ivey (1995) found that the Nelder-Mead method could terminate at a point that was far from the optimum for some response functions. This problem was further investigated by Tomick (1995) , who found that for n = 1 or 2, Nelder-Mead (without any stopping criterion) converged to a point on a constant test function, with finite expected movement.
Further, for n = 1, Tomick proved that there is a nonzero probability of convergence of Nelder-Mead for linear f when E ( X ) in (2) has a nondegenerate Gaussian distribution. Empirical tests indicated a nonzero probability of convergence for n > 1 as well. For any given standard deviation 6, for E, the probability of false convergence decreases as the magnitude of the slope increases. Of course, convergence on a linear function is false convergence.
Barton and Ivey's RS9 Modification
The shrink step (Step 4c') causes rapid decrease in the overall size of the simplex. Barton and Ivey (1995) found that changing the shrinkage coefficient from 6 = 0.5 to 6 = 0.9 generally improved the performance of the method on stochastic functions. In addition, the original algorithm did not require resampling the simulation response at the best point of the simplex after a shrink step. Resampling this point tended to reduce the likelihood of retaining a spuriously good response, and improved performance.
The modified method implementing both of these changes was referred to as RS9.
Hypothesis Test Modifications
Based on a Markov chain analysis for the n = 1 case, Tomick (1995) proposed additional modifications to RS9:
replace 6 = 0.5 with 6 = 0.9 in Step 4c.
compute the response value at a vertex in the kth iteration as the average of mk replications of the simulation, where m is defined as described below.
Tomick proposed two methods to choose the number of replications mk: using standardized range distributions, or using one-way analysis of variance (ANOVA). The ANOVA method for setting mk tests the hypothesis that the response means (i.e., objective function values) at the n + 1 vertices are equal. If the test is accepted, the sample size is increased by a factor 6:
and if the test is rejected, the sample size is decreased by the same factor:
The mean square for treatments from the ANOVA is used for S 2 . Tomick called this modified method NMSNV. For the empirical comparisons below, b was set to 1.25.
EMPIRICAL PERFORMANCE OF THE ANOVA MODIFICATION
To compare results with Barton and Ivey (1995) our tests employed a set of eighteen deterministic functions compiled by More, Garbow, and Hillstrom (1981) . The form, standard starting points, and optimal values for the functions are described completely in that reference, and are available via the MINPACK collection in NETLIB (Dongarra and Grosse 1987) . They are a set of deterministic objective functions for difficult unconstrained minimization problems. The number and variety of functions allows a good assessment of robustness with a reasonable investment in computation time. Many of these functions allow a choice of dimension: we chose values to provide test functions with input parameter dimensions that ranged from 2 to 9. The starting points for our tests were not the standard starting points, however. For the results discussed below, starting points were selected to provide an initial objective function that was 100, larger than the optimal value. These starting values are summarized in Table 1 . The computational tests included forty optimization runs with starting points perturbed by adding a uniform(-0.1, 0.1) deviate to each coordinate. Computational comparisons using other starting points are discussed in Tomick (1995) . -9, 1.5, 10,3, -9, 1.5, 10) Beale ( 2 5 6 ) Wood (-5, -2, -5,7) C heby quad x; = 0. lj + 0.34 Table 2 shows the performance of the original Nelder-Mead method (NM), RS9, and NMSNV. Also included in the test was KW, a naive implementation of the stochastic approximation method described by Kiefer and Wolfowitz (1952) . The numbers shown are the average gap between the objective function value at the best simplex point after 1,000 function evaluations and the true optimum. The numbers are expressed in units of U&. (remember, the starting point had a gap of 100,).
The underlined number in each row indicates the best average performance for that test function.
While Barton and Ivey's RS9 performance is generally superior to NM, NMSNV is superior to RS9 for all but two functions in this set of tests. This was not uniformly true for other starting points (see Tomick 1995) . The Keifer-Wolfowitz method was occasionally superior to NMSNV, but more often the reverse was the case. Furthermore, for seven of the eighteen test functions, KW diverged drastically from the optimal value, and remained so at 1,000 evaluations (or even 10,000 -see Tomick 1995) . These errors were generally eighty or more orders of magnitude larger, and occasionally led to termination due to numerical overflow. Similar difficulties with Kiefer-Wolfowitz occurred for other starting points as well.
The results differed when the progress was examined after only 100 function evaluations. At this early stage of optimization, KW was superior, except on those functions where it initially diverged. For functions where KW failed, RS9 was generally superior after 100 function evaluations.
The NMSNV methods relative superiority increased further after 10,000 function evaluations. Its overall superiority increased from 11 to 13 of the 18 functions (see Tomick 1995) .
CONCLUSION
Simulation optimization requires Optimization techniques that are designed for stochastic responses. The original Nelder-Mead unconstrained optimization method was not designed for stochastic responses, and consequently the method can terminate at an inappropriate point.
Two simple modifications to Nelder-Mead, proposed by Barton and Ivey (1995) , often delay the onset of difficulties for the method. The modified method, RS9 often provided objective functions values less than one standard deviation from the optimal value in relatively few function evaluations, but more accuracy was not possible without making replications at each simplex vertex.
A new method, NMSNV was developed to choose the number of replications dynamically as the optimization progresses. NMSNV gave no indication of behavior that would lead to inappropriate termination in empirical testing. It was able to reduce the error to less than 20% of the initial value on of the 18 test functions (at lest after 1,000 evaluations), which was not the case for NM, RS9, or KW. 
